1 Creagh-Whelan potential

1.1 Hamiltonian

A slightly extended version of the Hamiltonian used in Ref. [1] is studied here:
1 e
H®) :T+V:§(pi—|—p§)+(x2—1) + Az + Baxy? + Cx*y® + ), (1)

where k = 2,4 (denoted as quadratic, quartic case, respectively) and A, B, C, u are adjustable
parameters:

e A is the control parameter of the phase transition. The phase transition occurs at A = 0,
spinodal and antispinodal points are at A = £4/64/27 ~ +£1.540 (A ~ £1.904) for k = 2
(k = 4). The dependence of the potential on the parameter A is shown in Fig. 3.

e B is the asymmetry parameter that squeezes one well and extends the other well along the y
axis (see the fourth column in Figs. 1-2).

e (' squeezes symmetrically both wells along the y axis (see the second column in Figs. 1-2).

e /i determines the chaoticity. It is observed in the Poincaré sections (see the first g = 0.2 and
the third g = 1 column of Figs. 1-2) that the smaller positive value of 1 the more chaotic the
system is.

1.2 Classical dynamics

Classical dynamics and chaoticity of the system is demonstrated using the Poincaré sections for
A = 0 and for various values of the parameters B,C, y in Fig. 1 (k = 2) and Fig. 2 (k = 4), and
for nonzero A =1,2 and B=0,C =1,u = 0.2 in Fig. 3.

1.3 Rigidity for x =2

At the point A = 0 of the phase transition, both left o = —1 and right zp = 1 minima have the
same depth V(zg = +£1,y = 0) = 0 and they are separated by the barrier V(z = 0,y = 0) = 1.
The Taylor expansion at the minima x = +1 in the z-direction is

V(z,y=0)|ppe1 = —A+ Al + 1) +4(x+1)* + Oz + 1),
V(z,y=0)|pg1 = A+ Az — 1) +4(z — 1)* + Oz — 1)?, (2)

and in the y-direction around y = 0
Vizo=—Ly) = —A+(=B+C+py” +0y)’,
Vizg=1,9) = A+ (B+C+p)’+0(y) (3)

By comparing the quadratic term with the potential of the harmonic oscillator V' (x) = Q%22/2, the
frequencies of small x,y vibrations are

These expressions imply the following classification of the rigidity of both minima:
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Figure 1: Properties of the Hamiltonian (1) for A = 0,x = 2 and various values of the parameters
B, C, i (specified in the captions; default values are B = 0,C = 1, u = 0.2). The first row shows
the equipotential surfaces, the second row shows the section y = 0 of the potential (note that
this section is independent of the parameters B, C, u). Below there are Poincaré sections for each
configuration at 6 selected energies, which are marked by red lines in the figure of the second row.
The outstretched minimum of the asymmetric B = 0.8 case is more chaotic than the squeezed
minimum.



Figure 2: The same as in Fig. 1, but for the quartic case kK = 4. The system is more chaotic here.
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Figure 3: The same as in Fig. 1, but for varying the control parameter A.
(third and fourth) column correspond with the quadratic k = 2 (quartic k = 4) case.
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e In order to have a bound system, the condition
C+p>B (5)
must be satisfied.

o If
C+p—B=4, (6)

the minimum on the left have the same frequencies in the x and y directions. If the left-hand
side of the equation is smaller (higher) than 4, the minimum is y-softer (more y-rigid)*. The

ratio of the frequencies is
1

0
R(_)EQ—@i:?/C—i—u—B. (7)

e The same is true for the right minimum, but the equation is
C+pu+B=4, (8)

and the rigidity ratio reads
1
R<+>EQ_ZZ§N/O+M+B. (9)

e The frequencies in the = direction are the same in both minima.

By tuning the parameters B, C, i, one can have all the possible configurations: (a) a soft-soft
(small values of the parameters), (b) a rigid-rigid (large values of the parameters), (c¢) a symmetric-
symmetric (B =0, C + u = 4), (d) a symmetric-soft (C+pu+ B =4,0<C+p— B <4), (e) a
symmetric-rigid (C+p+ B > 4,C+u— B =4), or (f) a soft-rigid (large values of the parameters,
B slightly slower than the sum C' + p). The evolution of the frequencies for three particular cases
used later in the calculations of this notes are shown in Fig. 4 (note that the frequencies change,
and hence the rigidity as well, when one moves out from the critical point A = 0).

1.4 Rigidity for k =4

At the critical point, the potential (1) does not have the quadratic coefficient in the Taylor expansion
at the minima. The reason is that the wells have the quartic shape in the x direction. Therefore, the
lowest lying states form a mixture of a harmonic oscillator spectrum (coming from the y direction
approximation) and a quartic oscillator spectrum (from the x direction approximation), made even
more complicated by the effect of tunneling. Out of the critical point, however, the minima do
have a quadratic approximation, given by a solution of an algebraic equation of the 8" order (not
presented here).

1.5 Quantum dynamics

The Creagh-Whelan system can be diagonalized in:

Tn this text vy-soft is equivalent to y-soft. The name v-soft is used in order to be consistent with the nuclear
physics jargon.
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Figure 4: Dependence of the frequencies of the harmonic approximation in the x and y directions on
A at both local minima, calculated in the quadratic case k = 2 for various values of the parameters
B, C, p (default values are B =0,C = 1,u = 0.2). (a) A symmetric y-softer case. (b) A symmetric
case with the same x and y frequencies. (¢) An asymmetric y-soft case, having the left minimum
softer than the right one.

1.5.1 Cartesian basis
|ny|m) of two one-dimensional harmonic oscillators in x and y directions

1

HS)) = 5]7325 + C:cl'Qa
1
H{ = 5]9?2, + ey’ (10)

where

1
(n|HO|n) = b2, (n + 5) ,

1
(m|HZSO)|m> = hf}, (m + 5) , (11)
and €,y = \/2¢5,.
Hamiltonian (1) can be expanded and expressed as
H"=2 = g0 4 HZSO) +at = (2+c)2* + (1 — ¢,) y* + Az + Bay® + Oy, (12)

HA=Y = g 4 H;O) + 2% — 42 + 62* — (d+¢,))2* + (u —¢,)) ¥* + Av + Bay® + Cay?. (13)

T

Using the ladder operators

xr =

h 1
50 (a+aT):8—(a+aT), (14)



all the relevant nonzero matrix elements are

1
(n|xjn + 1) = S—\/n +1

! (2n+1)

2 e —
(nfa?ln) =

(nla?n+2) = - /n T 2)(m+ 1)

Sz

(n|z*n) = $i4 [6n(n — 1)+ 12n + 3]
(nlan +2) = — (40 + 6)y/(n + 2)(n + 1)

(nlaln +4) = = /T (0 + B)(n + D+ 1)

(n]2%|n) = Slﬁ 20n(n — 1)(n — 2) + 90n(n — 1) + 90n + 15|
(nf2%n +2) = Sl6 [15n(n — 1) + 60n + 45] \/(n + 2)(n + 1)
(n]z%n + 4) = Si6(6n+ 15+ D+ 3+ 2+ 1)

(nla®ln +6) = —+/Tn + O)(n 1 5)(n + ) + )0+ 2 + 1)

(n|z®n) = sis [70n(n — 1)(n — 2)(n — 3) + 560n(n — 1)(n — 2) + 1260n(n — 1) + 840n + 105]
(n|az8n +2) = Si: [56n(n — 1)(n — 2) + 420n(n — 1) + 840n + 420] \/(n + 2)(n + 1)
(n|z8|n + 4) = Si: [28n(n — 1) + 168n 4+ 210] \/(n + 4)(n + 3)(n + 2)(n + 1)
(n|z8|n + 6) = é(Sn +28)\/(n+6)(n+5)(n+4)(n+3)(n+2)(n+1)
(nla®ln +8) = /01T 8)(n + T)(n + O)(n T 5)(n + ) + D + (0 + 1) (15)

T

and similarly for y and m.
The basis is cut in the following way: if we want to have N basis states, we find the value Fy
such that the number of states |n)|m) satisfying

(ml(n| (HY + HP) [n)lm) < B (16)

is (in practice approximately) N. These states |n)|m) are used for the diagonalization. The
convergence depends on values of the adjustable parameters and is very poor in this basis. In
general only a few percent of the lowest states converge.

1.5.2 Polar basis

of the 2D harmonic oscillator
/10 0 1 02
HY =T =—— |-t == 2 1
" +V 2 (r@rrar+r28¢2) T (18)
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where

2/?37&' 1/2 _1p2,2

an( ) = m (kﬁg’l“2> e~ 2k Lil (kﬁTQ’I"Q) (19)
1 im

Cn(9) =1/ 5 ¢ (20)

(L' denotes a Laguerre polynomial, [ = |m| and k, = 1/Q,/h = {/2¢,/h?). The eigenvalues of (18)
are
EO) = (nm|HO|nm) = hQ,(2n + 1 + 1), (21)

where Q, = +/2¢,.
The Hamiltonian (1), expressed in polar coordinates

T =TCcoso
Yy =rsing
reads
1
H#=2 — g r4 [( — C) cos4¢ + 4r* cos 2¢ + (3 + C)} + 137“3 (cos ¢ — cos 3¢)

—r 0052¢<g+1> (g—l—cr)+Arcos¢+1,

HEY = HO 4+ 18 (cos 8¢ + 8 cos 6¢ + 28 cos 46 + 56 cos 2¢ + 35)

128
1 1
— g'rﬁ (cos6¢ + 6 cos4¢ + 15 cos 2¢ + 10) + §7’4 [(6 —C)cosdgp + 24 cos2¢ + (18 + ()]
Lo s 2 H 2 (K
—1—137“ (cos ¢ — cos3¢p) —r c052¢<2+2>—|—7’ <2 2 cr>+Arcos¢+1. (22)

1.5.3 Matrix elements

The general expression for the matrix elements is [2]

< , N b’ﬁa b | > B 1 (1 N 5 ) /'TL' (_1)n'+n+a
n,m COos Oy|nm —2 b0 ( +l’)(n+l) ka/Z

Z [(a+1+V)+5s]1[5(a— AD] ]S (a+ AD]! (23)
— sl(n’ — s)l(n — s)! [2(a— Al) —n/ +s]! [F(a+ Al) —n + s]!
where
[ =|m| I'=|m/| Al=1 -1 Am=|m'—m (24)
and the limits of the summation are
max {O, n' — %(a —Al),n — %(a - Al)} <s <min{n',n} for a + b even,
0 <s <min{n’,n} for a + b odd. (25)

In our case a + b is always even.
Explicit expressions of the necessary matrix elements for the Hamiltonian (1) are:
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e Am=0:

1
—(2n+14+1) (26)

(il ) = (

1
(n+1,1|r*nl) = —E\/(n +1D)(n+1+1)

(nl]réni) — % (n —1) + (m+1+1)(5n +1 +2)] (27)

2
(n+1,1|r*nl) = —F(2n+l+2) Vin+Dn+1+1)

(n+2,1|r*nl) = E\/ n+1)(n+2)(n+1+1)(n+1+2)

(nl|rS|nl) = %[n(n —1n=2)+9nn—-1)n+1+1) (28)

+9nn+l+D)(n+l+2)+(n+l+1)(n+1+2)(n+1+3)]

3[ n—1D+3nn+Il+2)+n+I+2Dn+I1+3)]V/(n+1)(n+1+1)

(n+1,Ur%nl) = T

(n+2,1|r°nl) = %(Qn +1+3)V/(n+ D) +2)(n+1+1)(n+1+2)

T

(n+3,1|r°nl) = —%\/(n—l— Dn+2)(n+3)n+l+1)(n+1+2)(n+1+3)

(nl|r®|nl) = klg[ (m—1)(n—-2)(n—-3)+16n(n—1)(n—2)(n+14+1) (29)
+36nn—1)n+l+1)(n+1+2)+16n(n+1+1)(n+1+2)(n+1+3)
+(n+l+1)---(n+1+4)]

(n+1,1r%nl) = k:S[ nn—1)(n—-2)+6nn—-1)(n+14+2)+6nn+1+2)(n+1+3)

+(m+l+2)n+1+3)n+1+4))/(n+1)(n+1+1)

:S[Sn(n—1)+8n(”+l+3)+3(n+l+3)(n+l+4)]

Vin+Dn+2)(n+1+1)(n+1+2)

(n+3,1r¥nl) = —i(2n+ +4)/(n+1)n+2)(n+3)(n+1+1)(n+14+2)(n+1+3)

(n+2,1|r¥nl) =

s
(n+4,1r%|nl) —ﬁ\/n—l— cn+4d)n+l+1)---(n+1+4)
e Am =1:
1
(n— 1,1+ 1|rcos ¢|nl) = —k—\/ﬁ (30)
1
(n,l+1|rcos¢|nl>:k—\/n+l+1
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1

(n —2,m + 1|r* cos ¢p|nm) = IE Vnn —1)(n+1) (31)
(n —1,m + 1|r* cos p|nm) = —223 (3n+20+1)vn
(n,m + 1|r® cos ¢p|nm) = 2]1{;3 Bn+l+2vn+i+1
(n+1,m + 1]r® cos ¢p|nm) = —2]1{:3\/(n+1)(n+l+1)(n+l+2)
o Am =2:
(n — 2,1+ 2|r* cos 2¢|nl) = 202 n(n—1) (32)
(n — 1,1+ 2|r*cos 2¢|nl) = —% n(n+1+1)
(n, 1 + 2|12 cos 26|nl) — 2Lk3¢(n A D+l

1
(nl|r? cos 2¢|nl) = §<nl|r2|nl>

1
(n+1,1|r* cos 2¢|nl) = §<n + 1, 1[r?Inl)

1

(n — 3,1+ 2|r* cos 2¢|nl) = “op Vi —1)(n—2)(n+1) (33)
(n — 2,1+ 2|r* cos 2¢|nl) = 2]1{7% (An+ 31+ 1)y/n(n —1)
(n — 1,1+ 2|r* cos 2¢|nl) = —22§(2n+ [+ 1)v/n(n+1+1)
(n, 1 + 2| cos 26|nl) — 2]1{:3(4n+l+3)\/(n+l+ Dn+1+2)
(n+ 1,1 + 2| cos 26|nl) — —Q;N(H Dt i+ Dt i+ ri13)

1
(nllr cos 26|nl) = 3 (nllr|nl)
1
(n+1,1|r* cos 2¢|nl) = §<n + 1, 1[rtnl)

1
(n +2,1|r* cos 2¢|nl) = §<n + 2, 1r|nl)
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(n — 4,1+ 2|r® cos 2¢|nl) =
(n — 3,1+ 2|r°cos 2¢|nl) =

(n — 2,1+ 2|r®cos 2¢|nl) =

(n — 1,1+ 2|r° cos 2¢|nl) =

1
(n, 1+ 2|r° cos 2¢p|nl) =

1

2k6 Vn(n —1)(n—2)(n = 3)(n+1)(n+1 - 1)

—%(371 42— D/ =D =2+ 1)

1
7l =D =3)+ 8= 2)(n+ 1+ 1)

+6(n+1l+1)(n+14+2)]v/n(n—1)

—%[(n (=2 +3(n = D(n+1+2)

+n+1+2)(n+1+3))/nn+1+1)

T [6n(n —1) +8n(n+1+3)

+nH1+3)n+1+DV/(n+I+D(n+1+2)

(34)

1
(n+ 1,1+ 2|r° cos 2¢|nl) = —ﬁ(?m%— I+4)vV/(n+D)(n+1+1)(n+1+2)(n+1+3)

(n+ 2,1+ 2|r®cos 2¢|nl) =

211g6\/(”+1)<”+2)(”+l+1)~--(n+l+4)

T

1
(nl|r® cos 2¢|nl) = §<nl|r6]nl>

1
(n+1,1[r° cos 2¢|nl) = = (n + 1,1|r°|ni)

1
(n+ 2,1]r° cos 26|nl) = 3 (n + 2. 1|r°|nl)

1
(n + 3,1]r°% cos 2¢|nl) = §<n + 3, 1|r%nl)
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(n — 5,1+ 2|r®cos 2¢|nl) = —
(n — 4,1+ 2|r® cos 2¢|nl) =

(n — 3,1+ 2|r®cos 2¢|nl) =

(n — 2,1+ 2|r® cos 2¢|nl)

(n — 1,1+ 2|r®cos 2¢|nl) =

{(n, 1+ 2|r® cos 2¢|nl) =

(n+ 1,1+ 2|r® cos 2¢|nl) =

(n+ 2,1+ 2|r® cos 2¢|nl) =

(n+ 3,1+ 2|r® cos 2¢|nl) =

1
2k

Van—1) - (n—4n+Dn+1-1)(n+1-2)

2;8 (8n+ 51— T/l = D=2 (n = £ D+ 1=1)

—228 3(n— 3)(n— 4) + 15(n — 3)(n+ L+ 1) (35)
+10(n 414+ 1) (n+1+2)]v/nn —1)(n —2)(n +1)
1

= (n—2)n—=3)(n—4)+15(n—2)(n—=3)(n+1+1)

2k3
+30(n—=2)(n+1+1)(n+1+2)
+10(n+1+1)(n+1+2)(n+1+3)]/n(n—1)

—228[(71 —1n=2)n=3)+6(n—1)(n—2)(n+1+2)

+6(n—1)(n+1+2)(n+1+3)
+(n+1+2)(n+1+3)(n+1+4)]/nn+1+1)

1
o0 [10n(n — 1)(n — 2) + 30n(n — 1)(n + 1 + 3)

+1nn+1+3)n+l+4)+n+1+3)(n+1+4)(n+1+5)]

Vin+1+1)(n+1+2)
—228[10n(n—1)+15n(n—|—l+4)+3(n+l+4)(n+l—|—5)]
Vin+Dn+l+1)n+1+2)(n+14+3)

1
7 (8n + 31 + 15)

Vin+Dm+2)(n+1+1)---(n+1+4)

—228\/(71%—1)(n+2)(n+3)(n+l+1)---(n+l+5)

{(nl|r® cos 2¢|nl)

1
§<nl|r8|nl>

{(n + 1,1]r® cos 2¢|nl)

1
§<n+ 1,1|r8|nl)

(n + 2,1|r® cos 2¢|nl)

1
§<n + 2,1|r®nl)

(n + 3,1|r® cos 2¢|nl)

1
§<n + 3, 1|r®nl)

1
(n +4,1|r® cos 2¢|nl) = 5(71 + 4, 1|r%nl)
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o Am=3:

(n — 3,1+ 3|r® cos 3¢|nl) = 2k3 )(n —2)

(n — 2,1+ 3|r®cos 3¢p|nl) = J(n+1+1)

(n — 1,1+ 3|r® cos 3¢|nl) = —?\/n(n—k [+1)(n+1+2)

23\/(n+l+ D(n+1+2)(n+1+3)

(n, 1+ 3|r* cos 3¢|nl) =
(n — 2,1+ 1|r® cos 3¢p|nl) =
(n — 1,1+ 1|r* cos 3p|nl) =

(n, 1+ 1|r* cos 3p|nl) =
(n+ 1,14 1r® cos 3¢p|nl) =

n — 2,1+ 1|r* cos ¢|nm)
n— 1,1+ 1|r* cos ¢|nm)
n, 1+ 1|r° cos ¢|nm)

n+ 1,1+ 1|r® cos ¢p|nm)

~ ~ ~ ~—
o~ o~ o~ ——

o Am = 4:

)(n—2)(n —3)

\/n(n— Dn—2)(n+1+1)

—4,1+4 4¢|nl)
(n + 4|r* cos 4¢|nl) 2k:4

(n — 3,1+ 4|r* cosd¢|nl) = ——

(n — 2,1+ 4|r* cos 4¢|nl) = \/nn—l)(n—i-H— D(n+142)

(n — 1,1+ 4|r* cos4¢|nl) = —ﬁ\/n(n—i- [+ 1)(n+14+2)(n+1+3)

! —/(n+1+1)---(n+1+4)

4
(n,l 4+ 4|r® cos4¢|nl) = %

(n — 3,1+ 2|r* cos4¢|nl) =
(n — 2,1+ 2|r* cos4¢|nl) =
(n — 1,1+ 2|r* cos4¢|nl) =

(n, 1+ 2|r* cos4¢|nl) =
(n+ 1,14 2|r* cos 4¢p|nl) =

<nl|r4 cosdo|nl)y =

(n — 3,1+ 2|r" cos 2¢|nl)
(n — 2,1+ 2|r* cos 2¢|nl)
(n — 1,1+ 2|r* cos 2¢|nl)
(n, 1 + 2|r* cos 2¢|nl)

(n + 1,1+ 2|r* cos 2¢|nl)

1
§<nl|r4]nl>

1
(n+1,1|r* cos 4¢|nl) = §<n + 1, 1[rtnl)

1
(n +2,1r* cos 4¢|nl) = §<n + 2, 1r|nl)
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(n — 5,1+ 4|r® cosdé|nl) = —

1
ng\/n(n—l)---(n—él)(n—i-l)

(n — 4,1+ 4]r® cos dp|nl) = —— (60 + 5 + 1)/n(n — 1)(n = 2)(n — 3)

2Kk8
(n — 3,1+ 4|r° cos 4¢|nl) = —2i§(3n+ 21+ 1)y/n(n —1)(n — 2)(n +1+1)
(n — 2,1+ 4|r° cos 4¢|nl) = %(2n+l+ Dy/nn—1)n+1+1)(n+1+2)
(n — 1,1+ 4|r° cos 4¢|nl) = —22§(3n+l+2)\/n(n—l—l+ Dn+1+2)(n+1+3)
(n, 1+ 4|r° cos 4¢|nl) = 22§(6n+l+5)\/(n+l+ - (n+1+4)
(n+ 1,1+ 4[r° cos 4p|nl) = —22?,\/(714— Dn+14+1)---(n+1+5)

(n — 4,1+ 2|r® cos 4¢|nl
(n — 3,1+ 2|r° cos 4¢|nl
(n — 2,1+ 2|r® cos4e|nl
{

(n, 1+ 2|r° cos 4¢|nl
(n+ 1,1+ 2|r°® cos 4¢|nl

n — 4,1+ 2|r® cos 2¢|nl)
n — 3,1+ 2|r° cos 2¢|nl)
n — 2,1+ 2|r° cos 2¢|nl)
)
n,  + 2|r° cos 2¢|nl)

n+ 1,1+ 2|r® cos 2¢|nl)

) =
)=
)=
n— 1,1+ 2|r®cosdp|nl) = (n — 1,14 2|r° cos 2¢|nl
)=
)=
)=

(n+ 2,1+ 2|r® cos 4¢|nl n + 2,1+ 2|r°® cos 2¢|nl)

1
(il cos Aginl) = (s
1
(n + 1,1|r% cos 4¢|nl) = §<n + 1,1|r%|nl)
1
(n+2,1|r® cos 49|nl) = 3 (n +2,1|r°nl)

1
(n + 3, l]rﬁ cosdp|nl)y = §<n + 3, l|7’6’nl>
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(n — 6,1+ 4|r® cosdp|nl) =

) (n=5)(n+)(n+1-1) (39)

2k8
(n—5,l+4]r80084¢]nl>:—% tn+31—2)y/n(n = 1) (n = D(n+ 1)
(n — 4,1+ 4|r8 cos 4¢|nl) = 2;% [(n—4)(n—5)+12(n —4)(n+1+1)
+15(n 41+ 1)(n+1+2)]\/n(n — 1)(n — 2)(n — 3)
(n— 3,1+ 41" cos dgnl) = ;8 3(n—3)(n —4) + 15(n — 3)(n + [ +2)
+10(n+14+2)(n+1+3)]\/nn—1)(n—2)(n+1+1)
(n— 2,1+ 4]r® cos d|nl) = 2; B(n—2)(n —3) +8(n— 2)(n + 1 +3)

+3nA+1+3)(n+1+D]/nn—1D)(n+1+1)(n+1+2)

(n— 1,1+ 4|r® cos dd|nl) —%[10(7@ ) (n—2)+ 15(n— 1)(n + 1+ 4)

T

+3n+ 1+ +1+5)/nn+1+1)n+1+2)(n+1+3)

1
(n, 1+ 4|r® cos 4¢|nl) = 2—k8[15n(n — D+ 12nn+1+45)+(n+14+5)(n+1+6)]

Vin+tl+1) - (n+1+4)
(n+ 1,1 + 47 cos 46 |nl) ——%(4n+l+6)\/(n+1)(n—|—l+1)~--(n—|—l+5)
(n+ 2,1+ 4)r® cos 4¢|nl) = (n+1)(n+2)(n+1+1)---(n+1+6)

2k

(n — 5,1+ 2|r%cosdep|nl) =
(n — 4,1+ 2|r® cos 4¢|nl) =
(n — 3,1+ 2|r%cosdp|nl) =
(n — 2,1+ 2|r%cosdp|nl) =
{

(n, 1+ 2|r® cos 4¢|nl) =
(n 41,14 2|r® cos 4¢|nl) =
(n + 2,14 2|r® cos 4¢p|nl) =

n — 5,1+ 2|r® cos 2¢|nl)
n — 4,1+ 2|r® cos 2¢|nl)
n — 3,1+ 2|r® cos 2¢|nl)
n — 2,1+ 2|r® cos 2¢|nl)

)

n, l + 2|r® cos 2¢|nl)
n 41,14 2|r® cos 2¢|nl)
n + 2,1+ 2|r® cos 2¢p|nl)

)=
)=
)=
)=
n— 1,14 2|r® cosdé|nl) = (n — 1,1+ 2|r® cos 26|nl
)=
)=
)=
)=

(n+ 3,1+ 2|r®cosdo|nl) = (n+ 3,1 + 2|r® cos 2¢|nl)

1
(nl|r® cos 4¢|nl) = §<nl|r8|nl>

1

n+1,1r® cosdp|nl) = =(n + 1,1|r®|nl
2
1

(n + 2,1|r® cos 4¢|nl) = §<n + 2,1|r%|nl)
1

(n + 3,1|r® cos 4¢|nl) = §<n + 3,1|r%|nl)

1
(n+4, l]rg cos4dp|nl)y = §<n +4, l|7“8|nl>
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e Am = 6:

(n — 6,1+ 6|r° cos 6¢|nl) =

i ) (n—5)
——\/n (n—1)

Jn—=2)(n=3)(n+1+1)(n+1+2)

(n — 5,1+ 6|r° cos 6¢|nl) = —4)(n+1+1)

(n — 4,1+ 6|r° cos 6¢|nl) =

(n — 3,14 6|r° cos 6¢|nl) = —sz(n —D(n—=2)n+1+1)(n+1+2)(n+1+3)

(n — 2,1+ 6|r° cos 6¢|nl) = Jn+1+1)---(n+1+4)
3
(n — 1,1+ 6|r° cos 6¢|nl) = —ﬁ\/n(n+l+1)'--(n+l+5)
1
(n, 1+ 6|r° cos 6¢|nl) = 2% m+l+1)---(n+1+6)

(n — 5,1+ 4|r°® cos 6¢|nl) =
(n — 4,1+ 4]r° cos 6¢|nl) =
(n — 3,1+ 4|r° cos 6¢|nl) =
(
(

n— 1,1+ 4|r° cos 6p|nl) =
(n, 1+ 4|r° cos 6p|nl) =
(n+ 1,1+ 4]r° cos 6¢|nl) =

)=
)=
)=
n— 2,1+ 4)r®cos6¢|nl) = (n — 2,1+ 4|r° cos 4¢|nl
)=
)=
)=

(n — 4,1+ 2|r° cos 6p|nl) =
(n — 3,1+ 2|r° cos 6p|nl) =
(n — 2,1+ 2|r° cos 6p|nl) =
{

(n, 1+ 2|r° cos 6p|nl) =
(n+ 1,1+ 2|r® cos 6¢|nl) =
(n+ 2,1+ 2|r®cos6¢|nl) =

)=
)=
)=
n— 1,1+ 2|r%cos 6¢|nl) = (n — 1,1+ 2|r° cos 2¢|nl
)=
)=
)=

(nl|r® cos 6¢|nl) =
(n + 1,1|r° cos 6¢|nl) =
(n +2,1|r° cos 6¢|nl) =

(n+3,1|r° cos 6¢|nl) =

16

n — 5,1+ 4|r°® cos 4¢|nl)
n — 4,1+ 4|r° cos 4¢|nl)
n — 3,1+ 4|r°® cos 4¢|nl)
)
)

n — 1,1+ 4|r°® cos 4¢|nl
n, |+ 4|r° cos 4¢|nl)
n+ 1,1+ 4|r° cos 4¢|nl)

n — 4,1+ 2|r® cos 2¢|nl)
n — 3,1+ 2|r® cos 2¢|nl)
n — 2,1+ 2|r° cos 2¢|nl)

)

n, [ + 2|r° cos 2¢|nl)
n+ 1,1+ 2|r° cos 2¢|nl)
n + 2,1+ 2|r°® cos 2¢|nl)

1

§<nl|r6|nl>

1

§<n+ 1,1|r%ni)
1

§<n + 2,1|r%nl)

1
§<n + 3, 1|r%nl)



(n— 7,1+ 6[r® cos 6¢|nl) = —
(n — 6,1+ 6[r® cos 6¢|nl) =
(n— 5,1+ 6[r®cos6p|nl) = —
(n — 4,1+ 6|r% cos 6¢|nl) =
(n— 3,1+ 6[r® cos 6¢|nl) = —
(n — 2,1+ 6|r% cos 6¢|nl) =
(n — 1,1+ 6|r% cos 6¢|nl) = —

{(n, 1+ 6]r® cos 6¢p|nl) =

(n+ 1,14 6[r® cos 6¢p|nl) = —

2k

2k8

2k

2k8

2kS

2k8

okS

2k8

(n—6)(n+1)

! (8n+T7l+1)\/n(n—1)---(n —5)

—H(n+1+1)

(41)

! (8n+51+3)/nn—1)(n—-2)(n-3)(n+1+1)(n+1+2)

! (8n+3l+5)y/n(n—1)(n+1+1)---

(n+1+4)

! (An+1+3)/nn+1+1)--

! Bn+1+7)v(n+1l+1)--(n+1+6)

2kS

{
{
{
{
{
{

(n — 5,1+ 2|r%cos 6p|nl) =
(n — 4,1+ 2|r® cos 6¢|nl) =
(n — 3,1+ 2|r%cos 6p|nl) =
(n — 2,1+ 2|r%cos 6p|nl) =
(n — 1,1+ 2|r® cos 6¢|nl) =

(n, 1+ 2|r% cos 6p|nl) =
(n+ 1,1+ 2|r® cos 6¢|nl) =
(n+ 2,1+ 2|r®cos6¢|nl) =
(n+ 3,1+ 2|r® cos 6¢|nl) =
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n — 6,1+ 4|r° cos 6p|nl) =
n — 5,1+ 4|r% cos 6p|nl) =
n — 4,1+ 4)r® cos 6¢|nl) =
n — 3,1+ 4|r° cos 6p|nl) =
n — 2,1+ 4|r% cos 6p|nl) =
n— 1,1+ 4|r% cos 6p|nl) =

(n, 1+ 4|r8 cos 6p|nl) =
(n + 1,1+ 4]r® cos 6¢p|nl) =
(n+ 2,1+ 4|r® cos 6¢|nl) =

m+1Dn+1l+1)---(n+1+7)

(n — 6,1+ 4|r® cos 4¢|nl)
(n — 5,1+ 4|r® cos 4¢|nl)
(n — 4,1 + 4|r® cos 4¢|nl)
(n — 3,1+ 4|r® cos 4¢|nl)
(n — 2,1+ 4|r® cos 4¢|nl)
(n — 1,1+ 4|r® cos 4¢|nl)
(n, 1+ 4|r® cos 4¢|nl)

(n 41,1+ 4|r® cos 4¢|nl)
(n 4 2,1+ 4|r® cos 4¢|nl)

(n — 5,1+ 2|r® cos 2¢|nl)
(n — 4,1+ 2|r® cos 2¢|nl)
(n — 3,1+ 2|r® cos 2¢|nl)
(n — 2,1+ 2|r® cos 2¢|nl)
(n — 1,1+ 2|r® cos 2¢|nl)
(n, 1+ 2|r® cos 2¢|nl)

(n + 1,1+ 2|r® cos 2¢|nl)
(n + 2,1+ 2|r® cos 2¢|nl)
(n + 3,1+ 2|r® cos 2¢|nl)

(n+1+45)

O 414 1)/nn— D=2+ 1+ Dn+1+2n+1+3)



(n+1,1|r® cos 6¢|nl) =
(n +2,1|r® cos 6¢|nl) =
(n +3,1|r® cos 6¢|nl) =

(n +4,1|r® cos 6¢|nl) =

e Am=2_8:

(n — 8,1+ 8|18 cos 8¢|nl) =
(n — 17,1+ 8|r%cos 8¢|nl) =

(n — 6,1+ 8|r®cos8¢|nl) =

(n — 5,1+ 8|r®cos 8¢|nl) =

(n — 4,1+ 8|r® cos 8¢|nl) =

(n — 3,1+ 8|r®cos 8¢|nl) =

(n — 2,1+ 8|r®cos 8¢|nl) =

(n — 1,1+ 8|r®cos 8¢|nl) =

(n, 1 + 8|r® cos 8¢|nl) =

(nl|r® cos 6¢|nl) =

%<nzyr81nz>

%(n—l— 1,1|r®|nl)
%(n 2,18 nd)
%(n + 3, 1|r®nl)

1
§<n + 4, 1|7%|nl)

(42)

n — 7,1+ 6|r° cos 8¢|nl) =
n — 6,1+ 6|r° cos 8p|nl) =
n — 5,1+ 6|r° cos 8p|nl) =

n — 2,1+ 6|r° cos 8p|nl) =

(
(
(
(n — 4,1+ 6|r® cos 8¢|nl) =
(
(
(

n— 1,1+ 6|r° cos 8p|nl) =
{n, 1+ 6|r®cos 8¢|nl) =
(n+ 1,1+ 6|r® cos 8¢|nl) =
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)=
)=
)=
)=
n — 3,1+ 6|r®cos8¢|nl) = (n — 3,1+ 6[r® cos 6¢|nl
)=
)=
)=
)=

n — 7,1+ 6[r® cos 6¢|nl)
n — 6,1+ 6|r® cos 6¢|nl)
n — 5,1+ 6|r® cos 6¢|nl)
n — 4,1+ 6|r® cos 6¢|nl)
)
)
)

n — 2,1+ 6|r° cos 66|nl
n — 1,1+ 6|r% cos 6¢|nl
n, [ + 6|r® cos 6¢|nl)

n+ 1,1 + 6|r® cos 6¢|nl)

ng ) (n=1)
\/nn—l —6)(n+1+1)
ll{j;l\/n(n—l) S (n=5)(n+1+1)(n+1+2)
—Tk—i\/n(n—l) cn—=Dn+1+1)n+1+2)(n+1+3)
ig:/n(n—1)(n—2)(n—3)(n—|—l+1)---(n—|—l+4)
—Tg\/n(n—1)(n—2)(n+l+1)---(n+l+5)
:/nn—l)(n—i—l—i—l) -(n+1+6)
—E\/n(n+l+1)m(n+l+7)
2]1{; O ) PO ey Ay



(n — 6,1+ 4|r® cos 8¢|nl
(n — 5,1+ 4|r® cos 8¢|nl
(n — 4,1+ 4|r° cos 8¢|nl
(n — 3,1+ 4|r% cos 8¢|nl
{
{

n — 1,1+ 4|r% cos 8¢|nl

(n, 1 + 4|r® cos 8¢|nl
(n+ 1,1+ 4|r® cos 8¢|nl
(n+ 2,1+ 4|r® cos 8¢|nl

(n — 5,1+ 2|r® cos 8p|nl
(n — 4,1+ 2|r® cos 8¢|nl
(n — 3,1+ 2|r®cos 8¢|nl
(n — 2,14 2|78 cos 8¢|nl
{

(n, 1+ 2|r® cos 8¢|nl
(n+ 1,1+ 2|r® cos 8¢|nl
(n+ 2,1+ 2|r® cos 8¢|nl

>:
>:
>:
>:
n— 2,1+ 4)r® cos8¢|nl) =
>:
>:
>:
>:

(n — 6,1+ 4|r® cos 4¢|nl)
(n — 5,1+ 4|r® cos 4¢|nl)
(n — 4,1+ 4|r® cos 4¢|nl)
(n — 3,1+ 4|r® cos 4¢|nl)
(n — 2,1+ 4|r® cos 4¢|nl)
(n — 1,1+ 4|r® cos 4¢|nl)
(n, 1 + 4|r® cos 4¢|nl)

(n 41,1+ 4|r® cos 4¢|nl)
(n 42,1+ 4|r® cos 4¢|nl)

n — 5,1+ 2|r® cos 2¢|nl)
n — 4,1+ 2|r® cos 2¢|nl)
n — 3,1+ 2|r® cos 2¢|nl)
n — 2,1+ 2|r® cos 2¢|nl)

)

n, 1+ 2|r® cos 2¢|nl)
n+ 1,14 2|r® cos 2¢p|nl)
n + 2,1+ 2|r® cos 2¢|nl)

)=
)=
) =
)=
n— 1,1+ 2[r% cos 8¢|nl) = (n — 1,1+ 2|r® cos 24|nl
)=
)=
)=
)=

(n+ 3,1+ 2|r® cos 8¢|nl n + 3,1+ 2|r® cos 2¢|nl)

(nl|r® cos 8p|nl) = %(nl|r8|nl>
(n + 1, 1| cos 86|nl) — %(n 1,18 nl)
(n+2,1|r% cos 8¢|nl) = %(n + 2,1|r%|nl)
(n + 31| cos 8¢|nl) — %m 43,18 nl)

1
(n + 4,1]r® cos 8¢|nl) = §<n +4,17%|nl)

If the indices i = {n, m}, satisfying

2n+1+1<N, (43)
of the Hamiltonian matrix are ordered in such a way that
ot =1 041
=..,{n—1m}{nm}p{n+1m},....{n—1m+1H{n,m+1},{n+1,m+1}, ... (44)
then the matrix has a symmetric band structure with only
WE=2(C =1) = 3(N +1)/2, WE=2(C #1) = 2(N +1), W=D — 4N (45)

superdiagonals.
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1.6 Level dynamics

The level dynamics for k = 2 and k = 4 and various values of the parameters B, C, u is shown
in Fig. 5 and 6, respectively. Figure 7 displays the same, but for a smaller value of the Planck
constant (higher level density).

Signs of the “critical triangles” can be observed in the top part of Fig.5(b). Both minima are
y-soft, the left one is softer (R(™) as 0.32) than the right one (R™) ==~ 0.71) (the left minimum
has higher phase space volume for A > 0, therefore the level density is higher on the right of the

graph).

2 Comparison with the CUSP

The 1D CUSP potential is
V =a'+ b2 +ax+ 1, (46)

see Ref. [3] (note that the meaning of parameters a, b is swapped here). In order to compare easily
the dynamics of this 1D system with the dynamics of the 2D Creagh-Whelan potential, the additive
constant +1 is included and b = —2 chosen. The level dynamics is presented in Fig. 8 (note that
the = dependence of the CUSP is the same as of the Creagh-Whelan potential H*=2)).

3 Level density

The level density for the CUSP and Creagh-Whelan potential is shown in Fig. 9. It is calculated

by Gaussian smoothing (¢ = 0.03) of the level dynamics (CUSP: 2000 levels b = —2,h = 0.002;

Creagh-Whelan: 4000 levels k = 2, B = 0,C = 1,u = 0.2,h = 0.03). Sections of Fig. 9 at some

energies and at some values of the control parameter are shown in Figs. 10 and 11, respectively.
It can be deduced from the figures that:

e CUSP has a jump in the level density on the lower legs of the critical triangle. Creagh-Whelan
exhibits a jump in the first derivative of p (red dashed and green dotted line in Fig. 10).

e CUSP’s level density diverges on the curved higher leg of the critical triangle (blue dash-
dot line in Fig. 10) This divergence persists away from triangle in the direction of the top
vertices, but it is smoothed out (cyan dash-dot-dot line in Fig. 10). Creagh-Whelan may have
a divergence in the derivative of the level density (see dp/dFE of Fig. 11(b) and compare with

p in Fig. 11(a)).

4 Flux of the levels

The flux is defined as the mean value
OE(A)
_ [ 2=\ 4
/ < 0A > (47)

and its dispersion is denoted Af. Here F(A) are the energy levels from the level dynamics. In
practice f is calculated by averaging OE(A)/0A for each level on a small interval AA, while Af
is the dispersion. Then the values are sampled with a constant step in E direction and plotted in
Fig. 12. The sections displayed in Figs. 13 and 14 are then obtained by cutting Fig. 12 along the
black and white lines, respectively.
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Figure 5: Level dynamics for the quadratic kK = 2 case with A = 0.1. If not specified in the caption,

the parameters are B = 0,C = 1, u = 0.2. Thick red lines repesent the position of the minima, and
of the saddle point that separates them.
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Figure 7: Level dynamics for (a) the quadratic kK = 2 case, and (b) the quartic k = 4 case, with
B=0,C=1,1=02k=0.05.
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1

f

Figure 8: Level dynamics for CUSP potential (46) with b = —2, A = 0.01.

It is observed that the derivative of the flux f has a step on the low vertices of the critical
triange, the dispersion Af has a step itself. The behaviour on the upper vertex is difficult to read?.
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2The precision of the calculation has almost reached the limit of my computer (the level dynamics is calculated
for h = 0.03, requiring 4000 well converging levels, step in A is 0.005, calculation time about several days). The
graphical representation can be improved by a clever smoothing of the figures. (Do you have any idea how?)
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(a) CUSP b= —2. (b) Creagh-Whelan k =2,B=0,C =1, =0.2.
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Figure 9: Level density. The second row includes the positions of the potential minima and of the
saddle point (red lines), and the sections used in Fig. 10 (horizontal black lines) and in Fig. 11
(vertical white lines).
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Figure 10: Level density (the first row) and its first derivative (the second row) at selected energies,
which are marked by the horizonal black lines in Fig. 9.
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Figure 11: Level density (the first row) and its first derivative (the second row) at selected values of
the control parameter a (CUSP) and A (Creagh-Whelan), which are marked by the vertical white
lines in Fig. 9.

26



Figure 12: Flux and its dispersion of the Creagh-Whelan system with B = 0, u = 0.2, calculated
with hbar = 0.03, 4000 well converging energy states. AA = 0.1 (interval for the flux averaging
and for calculation the dispersion). The positions of the minima and of the saddle point are plotted
in red lines, the sections used in Figs. 13 and 14 and indicated by the horizontal black lines and
the vertical white lines, respectively.
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Figure 13: Flux and its dispersion (the first row) and their first derivative (the second row) for

various energies I/, marked by the horizontal black lines in Fig. 12.
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Figure 14: Flux and its dispersion (the first row) and their first derivative (the second row) at
selected values of the control parameter A, marked by the vertical white lines in Fig. 9.
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